Lidar inversion with variable backscatter/extinction ratios

James D. Klett

The conventional approach to solving the single-scattering lidar equation makes use of the assumption of
a power law relation between backscatter and extinction with a fixed exponent and constant of proportional-
ity. An alternative formulation is given herein which assumes the proportionality factor in the power law
relationship is itself a function of range or extinction. The resulting lidar equation is solvable as before, and
examples are given to show how even an approximate description of deviations from the power law form can
yield an improved inversion solution for the extinction. A further generalization is given which includes the
effects of a background of Rayleigh scatterers.

I. Introduction

The volume extinction [o(k)] and backscatter [B(k)]
coefficients at wave number & due to particulate scat-
tering and absorption are given by integrals over the size
distribution n(r) of (assumed spherical) particles of
radius r:

olk) =1 f r2Q(m kr)n(r)dr, N

B =7 [ r2Qetmhrin(rdr, @)

where @ and Q, are, respectively, the extinction and
backscatter efficiencies, as determined by the Mie
theory of scattering; both are functions of the complex
index of refraction 772 and size parameter kr. (Gaseous
absorption contributions to ¢ are not included in this
paper.) It is clear from their definition as weighted
integrals over the size distribution that the ratio of
backscatter to extinction will be, for a given wavelength
and complex index, only a function of the shape of the
distribution. (Shape here simply refers to the size
distribution known to within an arbitrary scale factor.)
Therefore, if the spectral shape and composition of the
scattering aerosol are spatially invariant, so too will be
the proportionality between 8 and . On the other
hand, if the aerosol spectral form or composition does
vary with location, 8 and ¢ can be regarded as having
a proportionality which is range dependent.
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The traditional way to account for any dependence
between 8 and ¢ is to assume a power law relationship
of the form

B = Bog*, 3

where Bo and & are constants, but & is no longer unity.
Then the single-backscattering lidar equation may, with
the use of Eq. (3), be reduced to the form

dS 1dp
_—=___2 ,
dr Bdr 7 @
kdo
=—__2,
odr 7 ®

with S(r) = In[r2P(r)], and where P(r) is the power re-
ceived from range r. The stable solution to Eq. (5) is

o(r) = expl(§ = Sm)/k] , ©)

{a;s + % f " expl(S — Sm)/k]dr’] ’

where Sm = S(rp,), oy = 06(rm),and r <rp.! Inaddi-
tion to requiring the validity of Eq. (3) and the absence
of multiple scattering, Eq. (6) also assumes that gaseous
absorption effects are negligible.

From the discussion preceding Eq. (3) it is clear that

it would be more realistic to regard B and o as linearly

related but with a proportionality which is itself a
function of range or extinction. An approximate and
simple way of formulating the inversion problem in this
fashion is given in this paper. Any available informa-
tion concerning deviations from a strict linear rela-
tionship can be easily incorporated into the solution
implementation. An example of the backscatter/ex-
tinction variation for water clouds is given, and it is
shown how even a very approximate description of this
variation can yield an improved inversion solution for
the extinction. Finally, a further generalization is
carried out which includes the effects of a background
of Rayleigh scatterers.



Il. Modified Inversion Solution for Variable B
Suppose now that 3 and ¢ are related according to

B = Bo*, )

where B is a function of r, and k is a constant. (From
the discussion above one would generally set & = 1, but
it is retained here as a fixed parameter primarily to
facilitate direct comparison below between new and old
expressions.) Then on substitution of this expression
into Eq. (4) one finds

dS 1dB kdo

—=——=4==— -2,
dr Bdr o¢dr 7 ®

or
d(S—InB) kdo
____:_—_2 .
dr g dr 7 ®

But this is the same as Eq. (5) except that S is now re-
placed by S — InB. Hence one can write down the so-
lution immediately in the form of Eq. (6):

o) = exp[(S — Sm — InB + InBm)/k] 10)

2 (rm
{a;.l += f " expl(S — Sm — InB + lan)/k]dr’]
kJr

or
(Bm/B)'/* exp[(S — Sm)/k]

a(r) = (€8))

1.2 Ik - ’]
{am + k.’: (Bm/B)* exp|(S — Sm)/k]dr

where Bm = B(ry,).

An apparent difficulty with Eq. (11) is that in general
we cannot expect to know B(r) precisely until we also
know o(r); i.e., it is really part of the solution. However,
an approximate solution to Eq. (11), still more accurate
than the default version with Bm/B = 1 [i.e., Eq. (6)],
can be obtained if there is available at least some in-
formation on the dependence of B on either r or o.
Suppose, for example, that for the aerosol in question
there has been established an approximate empirical
correlation of the form B = f(0). Then an approximate
solution can be obtained by a two (or more if needed)-
stage iteration: First,let Bm/B =1 and solve Eq. (11)
or (6) to obtain the first-order solution ¢;. Second,
solve Eq. (11) for the second-order solution o9, where
now we use

B(r) = fle1(r)]. (12)

We shall now turn to an example of this approach and
compare the outcome with the familiar method based
on Eqgs. (3) and (6).

lIl. Inversion Examples for Conditions of Fog and
Low Clouds

An example of the variability of B with range for
conditions of fog and low clouds is shown in Fig. 1. The
data displayed (supplied by E. Measures, Atmospheric
Sciences Laboratory, White Sands Missile Range, N.M.
88002, personal communication) derives from in situ
measurements made by balloon-borne particle counters
in Meppen, Germany, in the fall of 1980.23 Mie theory
was applied at a wavelength of 1.06 um to obtain profiles
with height of 8 and ¢ under the assumption that the
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Fig. 1. Dependence on range of backscatter-to-extinction ratio for

low stratus cloud in Meppen, Germany, 1980. Ratio normalized by

value at near range point Zo. Data based on in situ measurements

of drop size distributions. Light wavelength = 1.06 um (adapted

from calculations of E. Measures, ASL/WSMR; personal
communication).
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Fig. 2. Drop size distributions from in-cloud measurements in
Meppen, Germany, 1980. The eight distributions shown are averages
for the following labeled ranges of extinction (km): 1, (0.1,0.6); 2,
(0.6,1.5); 3, (1.5,3); 4, (3,15); 5, (15,40); 6, (40,65); 7, (65,100); 8,
(100,200) (from Ref. 3).

particles were spherical drops of pure water. A set of
characteristic aerosol spectra obtained by these mea-
surements for various extinction intervals is shown in
Fig. 2.3 :

It is evident in Fig. 2 that the data may be somewhat
incomplete, as the distributions are truncated at small
sizes where the particle concentrations are still high.
This spectral truncation is due to limited instrumental
resolution. In addition, one should perhaps take into
account the variation of /7 with size; for example, the
presence of soot particles in the smaller droplets may
significantly affect their optical properties.*® But in
spite of these limitations, the data shown serve well to
indicate the kind of behavior that is expected to occur
typically. The trends shown in Fig. 2 are, for example,

-quite consistent with what one expects for water clouds,
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namely, that the drop spectrum will evolve toward a
bimodal shape and a larger average drop size with in-
creasing liquid water content. The continuing flow of
water mass up the size spectrum to larger drops is also
expected to be positively correlated with increasing
extinction, especially if condensation continues to re-
plenish the spectrum at small drop sizes. Such con-
tinued production of small drops by condensation and
diffusional growth is to be expected for actively growing
clouds with an evolving bimodal drop distribution as
long as an upward flux of moist air continues.

From the profiles of 8 and o described above one can
also obtain an empirical correlation between B and .
This is shown in Fig. 3, where a lognormal curve has
been fitted to a total of nine data pairs; the equation of
the curve is

f(o) = 0.0074 + 0.055 exp{—[(Ino — 4)/3.1]2}. (13)

One may alternatively use linear regression applied to
aplot of B and ¢ to find values for Bo and % in the power
law expression of Eq. (3). The best fit line is shown in
Fig: 4 and has the parameters Bo = 0.017 and k = 1.34.
The basis for the departure from & = 1 can be discerned
by comparing Figs. 2 and 4. The plotted data in the
latter figure tend to trace out a slightly undulating
curve, the ends of which have a smaller slope (k near
unity) than the middle section. This corresponds
qualitatively to the similar unimodal shapes of spectra
1-3 and the similar bimodal shapes of spectra 6-8 in Fig.
2. Such behavior is consistent with the expectation that
k =1 over any interval where the spectral shape is in-
variant, as discussed above. In general, it is the
changing proportionality between 8 and ¢ with chang-
ing spectral composition or shape that causes any
overall power law description of 8(¢) to produce k2 =
1.

By integration of Eq. (4) the relative signal, S — Sm,
appearing in the inversion solution may be obtained as
a function of § and o

r
S—8Sm=1 _‘6 " odr’
m =In +2j: adr’, (14)

where 8., = B(r,). Then by substituting the calculated
profiles of B(r) and o(r) for the Meppen data, a simu-
lation of the relative signal is available (Fig. 5) from
which one may in turn use Eq. (6) or (11) to attempt to
retrieve o(r) for various choices of & or B. For the
purpose of this paper the correct value for o, will be
assumed as a given quantity. (The sometimes formi-
dable but separate problem of estimating ¢, lies outside
the scope of-this paper.) .
Let us first consider use of Eq. (6) with £ =1 or 1.3.
The inversion results shown in Figs. 6 and 7 demon-
strate that the better choice is k£ = 1.3, as expected from
the previous fit of the data to the power law form.
(Results like those shown in Figs. 6 and 7 have been.
obtained previously and independently from the
Meppen data by E. Measures, ASL/WSMR; private
communication.) The solution for £ = 1 is seen to
overestimate the extinction by nearly an order of mag-
nitude in the first 250 m, where the visibility is high.
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Fig. 6. For Meppen data, comparison of input profile of extinction,
based on Mie theory computations over measured size distributions
to inversion solution [Eq. (6)] with k& = 1.
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Fig. 8. For Meppen data, comparison of input and inversion profiles
of extinction. Inversion via Eq. (11) with B from Eq. (13) and & =
1.

The inversion using Eq. (11) with £ = 1 and B given
by Eq. (13) is shown in Fig. 8. The agreement with the
actual extinction profile is seen to be considerably better
than was possible with either of the inversions based on
Eq. (6). The corresponding estimate of B(r) from Eq.
(13) also agrees well with the actual profile, as shown in
Fig. 9. The discrepancies that do occur can be-attrib-
uted in part to the limited information content of the
nine data pairs on which Eq. (13) is based and also in
part to the fact that the relationship between B and o
is not quite unique in principle: The procedure of
representing B(r) by flo(r)] would be mathematically
proper if there were a one-to-one transformation be-
tween B and ¢. But in general it is in fact many-one,
as more than one value of B may occur, at different lo-
cations for the same value of 6. However, in practice
such sources of error would likely prove less important
than a host of other uncertainties which arise due to
factors such as noise, multiple scattering, gaseous ab-
sorption, instrumental problems, and especially errors
in oy,. : ‘ o

One might also attempt to improve the inversion so-
lutions by letting the exponent k become a function of
range or extinction instead of a fixed constant. For
example, one might choose k& = 1 over intervals where
the drop spectral form is thought to be relatively fixed
and k = 1.3 over the transition region from one char-
acteristic spectral shape to another (e.g., unimodal to
bimodal). However, once k ceases to be a constant, the
inversion solutions Eq. (6) or (11) no longer are valid,
as the passage from Eq. (4) to (5) or (8) can no longer be
made unless terms describing gradients in k are also
included. Numerical experiments show that these
extra terms are significant, as the ploy of merely letting
k become a variable in Eq. (6) or (11) produces very poor
results.

IV. Inclusion of Effects of Rayleigh Scattering

An extension of the inversion solution Eq. (6) to in-
clude the effects of a background of known molecular
or Rayleigh scatterers has been carried out recently by
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Fig. 9. For Meppen data, comparison of input and inversion profiles
of backscatter-to-extinction ratio. Inversion via Eq. (11) with B from
Eq.(13)and k = 1.
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Fernald.” In this section a similar extension of the
modified inversion solution Eq. (11) will be devel-
oped.

Let the total backscatter coefficient be expressed
as

B(r) = Bp(r)op(r) + Bror(2), (15)

with
Bg = 3/(87), (16)
Bp(r) = f[op(r)]. a7

Subscripts P and R refer to the aerosol particle and
Rayleigh contributions, respectively. Thus Eq. (16)
describes the fixed backscatter-to-extinction ratio for
Rayleigh scatterers, while Eq. (17) describes the ratio
for the particles according to formulation of Sec. II, with
the function f(op) being the empirical connection be-
tween Bp and gp. Also the Rayleigh extinction coeffi-
cient or(z) is assumed to be a known function of height
z.

On substituting Eq. (15) into the basic lidar differ-
ential equation, Eq. (4), and noting also that now ¢ =
op + oR, we obtain

g0 _2aP -1 -1
o B 2(Bp'Bp + Br'Br), (18)
~L1dB_ 2B3'8 + 2(Bs! — Br1)Br. (19)

B dr

Therefore, if one defines a new signal variable S’ as
2 rm rm Brdr’
’— 'r=8—-8Sm+— dr’ - 2 —
S/ —Sm’' =8 —Sm BRJ"‘ Brdr f 5 @

Eq. (19) can be rearranged to read as follows:

as'_1d8 28 o

But this has the same form as Eq. (5), except for the
presence of the function Bp(r). The solution to Eq. (21)
can, therefore, be constructed in the same fashion as Eq.
(6) to obtain

exp(S’ — Sm’)

-1 rm exp(S’ — Sm/)dr’
[6", vz f B
Eqgs. (20) and (22) comprise the solution to the problem
stated at the beginning of the section. Note that if g
— 0, Eq. (11) isrecovered (with & = 1). Similarly, if Bp
is a constant, Eq. (22) becomes equivalent to the solu-
tion obtained by Fernald.”

Implementation of Egs. (20) and (22) would parallel
the procedures already described. Examples of the
application of this model will be presented elsewhere;
here the goal has been merely to present formally this
particular generalization to show how a known back-
ground level of scattering could be included in the for-
mulation of Sec. II.

B(r) = (22)

V. Discussion

A new theoretical framework has been presented for
dealing with the problem of variations in the back-
scatter-to-extinction ratio that occur because of varia-
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tions in aerosol particle composition or spectral shape.
It has been shown that if this ratio can be empirically
correlated with extinction magnitude, this information
can then be incorporated into a modified stable inver-
sion solution to improve the accuracy of retrieved ex-
tinction profiles. With this physically direct and simple
approach the backscatter/extinction ratio becomes a
modulating factor in an otherwise linear relationship
between backscatter and extinction.

The familiar alternative approach, whereby infor-
mation on backscatter and extinction is cast in the form
of an empirical power law relationship, has a less direct
physical justification but nevertheless also has practical
value with respect to the accuracy of retrieved profiles
of extinction so long as the exponent is a constant rep-
resentative of all the empirical data. However, at-
tempts to refine the inversion solutions by letting the
exponent become a variable parameter are ill-advised,
as the available solution forms no longer apply, and
serious errors may result.

An example has been given of an aerosol for which the
backscatter/extinction ratio could be described ap-
proximately as a function of extinction [Eq. (13) and
Fig. 3]. This was provided as an illustration of the
technique of incorporating information on departures
from a linear relationship between 8 and o to invoke the
new inversion solution. The functional form of the
particular example chosen was, of course, not intended
to be viewed as a universally applicable relationship.
Nevertheless, some of its shape characteristics were
found to be qualitatively as expected, and similar rea-
soning based on such factors as meteorological condi-
tions, or the source and age of the aerosol, might simi-
larly provide some insight into the approximate devia-
tions from a linear relationship between 8 and ¢ in
various real applications.

It should also be noted that great precision in the
functional description for 3/o is not required to obtain
useful results. As many numerical simulations have
shown, even if nothing is known about the aerosol, the
standard default assumption that 8 and ¢ are propor-
tional may be used to obtain extinction profiles that
often reflect surprisingly well the qualitative and
quantitative trends of the actual distributions. This
is fundamentally a consequence of the stability of the
solution form given by Eq. (6). (The contrary assertion
that 8/¢ must be very accurately known to get any
useful information on o is still made occasionally, but
this is an erroneous notion that first came about from
studies based on the unstable form of the lidar inversion
solution. The hazards of that approach in general and
in the context of the relationship between backscatter
and extinction have been discussed elsewhere.t)

Mathematically speaking, the present formulation
relaxes the previous requirement that any account,
theoretical or experimental, of the relationship between
backscatter and extinction must be cast into an ap-
proximate power law form to make use of the standard
inversion solution. With Eq. (11) any functional form,
B = f'(¢) can be used to obtain quickly an approximate
solution for ¢ by substituting B = f'(¢)/¢ in Eq. (11) and



iterating a few times as described in Sec. II. As a
simple example, the usual solution based on the power
law form of Eq. (3) may be recovered by substituting B
= Boo®~1into Eq. (11) and iterating.

Finally, the numerical examples given in this paper
suggest that for the same amount of aerosol scattering
information, the modulated backscatter/extinction ratio
approach gives better results than the power law for-
mulation. Further study of the new modified inversion
solution will of course be required to assess more fully
its practical utility.

This work was performed under contract to the U.S.
Army Atmospheric Sciences Laboratory, White Sands
Missile Range, N.M. 88002.
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